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Abstract. For any positive integers m and a, we prove that 
n-l 



e fe (2fc + l)A { k a >( X y n = (mod n), 



k=0 



where e G {1, —1} and 



4 Q) (*) = E 



u / \ a / , ; \ a 

n\ I n + k\ 



k=0 



1. Introduction 
The Apery number A n is defined by 

\ 2 / i / \ 2 
n\ I n + k 



fc=0 v 7 v 



Those numbers play an important role in Apery's ingredient proof [I] of the irrationality 
of C(3) = Xmli V^ 3 - I n 2000, Ahlgren and Ono pQ solved a conjecture of Beukers [2] 
and showed that for odd prime p, 

A(p-i)/2 = a(p) (mod p 2 ), 

where a(n) is the Fourier coefficient of q n in the modular form rj(2z) 4: r](4z) 4 . 
Recently, Sun [7] defined the Apery polynomial as 



n / \ 2 / , , \ 2 

n\ f n + k 



A: 



fc=0 

and proved several new congruences for the sums of A n (x). For examples, 

n-l 

J^(2A; + l)A fc (x) = (mod n) 

k=0 
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for every positive integer n. In fact, he showed that 

^ + ^,-g(--)("n&ro(? 

Furthermore, Sun proposed the following conjecture. 
Conjecture 1.1. For m E {1, 2, 3, . . .}, 



n-l 



^e k {2k + l)A k {x) m = (mod n), (1.1) 



k=0 



where e G {1, —1}. 

In [3], Guo and Zeng proved that 

i&-^ +i ^-<-^g(?yse)C^(:^)(":*r 

On the other hand, in [6], Sun also define the central Delannoy polynomial 



k=0 

He showed that 



n\ (n + k 
k 



x k . 



k=0 k=0 v 7 v 



Sun also conjectured that 

n-l 



n— 1 

-V(2fc + 1)A 



n 

fc=0 



is always an integer. 

In fact, motivated by [5] and [TJ eq. (1.7)], we may define the generalized Apery 
polynomial 



n / \ i 
i — n V / 



fc=0 

where a is a positive integer. (In [3], Guo and Zeng called such polynomial as the 
Schmidt polynomial.) In the same paper, Guo and Zeng also proved that fact all a > 1, 
there exist explicit formulas for 



n— 1 -, n— 1 



-J2(^ + l)A^\x) and i ^(-l) fc (2A; + 1)A 



n * — ' n 

k=0 k=0 



k K X ) 
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However, no explicit formula is known for 

n— 1 _. n—1 

- £(2fc + l)A k a \x) m and - ]T(-l) fc (2A; + l)A« a) (x) m 

k=0 k=0 

when m > 2. 

In this paper, we shall prove 

Theorem 1.1. For any positive integers m and a, 

n-l 

^{2k + l)A k a \x) m = (mod n), (1.2) 

fc=0 

and 

n-l 



^(-l) fc (2A; + l)A ( k \x) m ee (mod n). (1.3) 



fc=0 



In the next sections, we shall use g-congruences to prove fll.2[) and ( 11. 3D respectively. 



2. Proof of ( TOl) 
For an integer n, define the g-integer 

1 - q n 



n 



1-q 



Clearly lim^ifn] 
given by 



n. 



For a non-negative integer k, the g-binomial coefficient [™] is 



n 



[n-j + 1] 



In particular, [™] = 1. Also, we set [£] = if A; < 0. It is easy to see that[^] is a 



I <J ' L/CJ (J 

polynomial in g with integral coefficients, since 



~n + l 




n 




n 


k 


q 


A 


+ 

q 


k-1 



Below we introduce the notion of g-congruences. Suppose that a, 6, n are integers and 
a ee b (mod n). Then over the polynomial ring Q(g), we have 



Q 



1 - q b 
1 — g 1 — g 



b—a 



1-q 



(mod 



1 - q n 
1-9 



i.e., [a] g ee (mod [n] g ). Furthermore, for the g-binomial coefficients, we have the 
following g-Lucas congruence. 



HAO PAN 



Lemma 2.1. Suppose that d > 1 is a positive integer. Suppose that a, b, h, I are integers 
with < b, I < d — 1. Then 



(mod 



ad + b 




~b~ 


hd + I 


,-(;) 


_l_ 



where $d(g) is the d-th cyclotomic polynomial. 
Define the generalized g-Apery polynomial 



3=0 



jk 


k 


a 


'k + f 




j. 


q 


j 



x° . 



In order to prove (jl.2p . it suffices to show that 
Theorem 2.1. 

n-l 

J^g"" 1 "*^ + l]gAi a) (a;; q) = (mod [n] 



(2.1) 



fc=0 



Let us explain why (12.11) implies fll.2p ). Since [n] q is a primitive polynomial (i.e., 
the greatest divisor of all coefficients of [n] q is 1), by the Gauss lemma, there exists a 
polynomial H(x, q) with integral coefficients such that 



n— 1 



J2q n - 1 - k [^ + l] q A^(x;q) = [n] q H(x,q). 



(2.2) 



k=0 



Substituting q = 1 in (|2T2|) . we get (Oj) . 
It is not difficult to check that 



n 



d\n 
d>l 



The advantage of g-congruences is that we only need to prove that 



n-l 



^ g n - 1 - fc [2fc + l] q A { «\x;q) = (mod $ d (g)) 



fc=0 



for every divisor d > 1 of n. Note that 



'fc + j' 
J 



1 - g fc+1 )(l - q 



k+2\ 



;i-g)(l-g 2 )---(l-g^) 



-lY q - 



(1 - q- k - l ){l - q- k - 2 ) ■•■(!- g~ fe ^) 



-i)V 



ffc+C't 1 ) 



;i_ ? )(l_ ?2 )...(l_ ? i) 
-Jfe-i' 
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So 



— oo<j'<+oo 



"Af 


a 


~—k - I 


J_ 


q 


. j . 



X 3 . 



Suppose that d > 1 is a divisor of n. Let h = n/d. Write k = ad + b where < b < d— 1. 
Then by Lemma [2. 11 



— oo<s<+oo 
0<t<d-l 

E 



a(sd+t)^o(sd+t) 2 



ad + b 


a - 


sd + t 


1 - 



'-a-l)d+d-b-l 
sd + t 



x 



sd+t 



(sd+t)qat 



2 / a 



-oo<s<+oo 
0<t<d-l 



-a — 1 

s 



d-b-1 
t 



x sd+t (mod 



Hence, 



n-l 



J2l2k + l] q q M Ai a \x; q ) m = r- 1 - ad ^ad + 2b + l] q A^ h {x- q y 



k=0 



0<a<h-l 
0<b<d~l 



E <^[ 26 + ^S&ito ( mod 



0<a<h~l 
0<b<d-l 



where 



— oo<s<+oo 
0<<<d-l 



*(«d+t) at 2 



(:)• 


~b~ 




'd-b-1 




t_ 


,( «" ) 


t 



X 



sd+t 



Similarly, since k = ad + b -<=>• n — k — 1 = (h — a — l)d + (d — b — 1) and B^ d (x; q) 
B a4-b-i,d( x '^^ we have 

n-l 

J2q k [2n-2k-l] q A { :l k _ 1 (x- q r= £ ^~ 2b ~ ^kLi^i/*'* ^ 



k=0 



0<a<h-l 
0<b<d-l 



a'=h— a— 1 



E Q b l-2b - l]rf M (x; q) m (mod $ d (g)). 



0<a'</i-l 
0<b<d-l 



Note that 



q- l - b \2b + l] q + q b [-2b - l] q = q^ - q b + q b - q^ 1 = 0. 
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Therefore, 

rt-i 

2 J2q n ~ 1 ~ k [2k + l] q A^\x;q) m 

k=0 

n—l n—l 

= q^-^k + i],4 Q) (*; aT + £ - 2k - ^ A n\- k (^ qY 

k=0 k=0 

=0 (mod $d(g)). 
This concludes the proof of Theorem 12.11 



3. Proof of ( TOD 
The proof of ( II. 3D is a little complicated. 
Theorem 3.1. 

n-1 

J2(-l) k q n - l - k [2k + l} q Af(x;q 2 ) 

k=0 

is divisible by 

n mq)- n ^^ 2 )- 

d\n d\n 
d>l is odd d is even 

Clearly we only need to prove that 

n— 1 n—l 

J2(-l) k q^- k [2k + l] q A^\x- q 2 ) m + J^-ir^y [2n - 2k - l^i-fcto g 2 )"\ 

fc=0 fc=0 

is divisible by $d(<?) for odd d > 1 and by $d(9 2 ) for even d respectively. 

Lemma 3.1. If d > 1 is odd, i/iera $d(<?) divides $^(g 2 ). // d zs even, then &d{q 2 ) — 
<&2d(q)- 

Proof. We know that for d > 1, 

*d(9)= n (5-0- 

f is d-th primitive root of unity 

Suppose that d is odd and £ is an arbitrary cf-th primitive root of unity. Then £ 2 also is 
a d-th primitive root of unity, i.e., $<i(£ 2 ) = 0. Hence <&d{q) divides $d(g 2 ). Similarly, if 
d is even and £ is a 2cf-th primitive root of unity, then £ 2 is a d-th primitive root of unity. 
So $2d(g) divides $d(<? 2 )- Note that now deg$ 2 d = (j)(2d) = 2<p(d) = 2deg$ (i , where 
is the Euler totient function. We must have &d(q 2 ) = &2d{q)- D 



ON DIVISIBILITY OF SUMS OF APERY POLYNOMIALS 

Suppose that d > 1 is an odd divisor of n. Let h — n/d. Then 

n-l 



£(_i)y-i-*[2fc + i] 9 A£W) m 

fc=0 

_ J2 {-l) ad+ \ hd - 1 - ad -\2{ad + b) + l] q B^l d {x ] q 2 ) m (mod $,(g 2 )) 

0<a<7i-l 
0<6<(i-l 

= £ (_l)^ ? -i- &[26 + 1],BW( I; q * r (mod $,(g)). 



and 



0<a</i-l 
0<b<d-l 



71—1 

„fc /I (") 



fc=0 

= £ (_l)^-i-^-6^ +6[2sd _ 2(flrf + b) _ l] q B^ a _ hd _ b _ 14 (x; g 2 )" 

0<a</i-l 
0<6<(i-l 

= E (-i) '^ 1 -'!^ - l],^; g 2 ) m (mod $,(g)). 

0<a'</i-l 
0<b<(i-l 

Since d is odd, 

(-l) ad+ V 1_6 [26 + l] q + (-l) ad+d - 1 -V[-26 - l] q = 0. 

So $d(<?) divides 

n— 1 n— 1 

£(-1) V"i-*[2fc + l] ff 4 a) (x; g 2 ) m + ^(-l)"- 1 - V[2n - 2fc - ljX-i-^ 9 

fc=0 k=0 

Suppose that d is an even divisor of n. Then 

n-l 



2\m 



^ ( _l)V-i^[2A; + l] g 4 a) (x;g 2 



fc=0 

^ (_ 1 )o«j+6 5 M-i-(ad+6)[2( ad + h ) + l] gJ Bg d (x; g 2 ) r 



0<a</i-l 
0<fe<d-l 



E (-l)^ 6 ^-^- 1 - 6 ^^ + l^g^; g 2 ) m (mod $,(g 2 )). 



0<a</i-l 
0<6<d-l 



s 
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And 

n— 1 
fc=0 

= ^ (-l) M - 1 -H +fc )g^[2^-2(ad + 6)-l]rfJ a _ M _ h _ lid (x;g 2 ) m 

0<a</i-l 
0<6<e-l 

_ (_ l) a'd +d -l-6 g W-a'd-d +6[ _ 26 _ 1]^) ^; (mod $d(g2)) _ 

0<a'</i-l 
0<b<d-l 

Note that $ d (g 2 ) = $ 2c z(<?) divides 1 + g d = (1 - g M )/(l - q d ), i.e., 

/ = -1 (mod $ d (g 2 )). 

We have 

(_l)^ g ^-^-l-fe[26 + l] q + (_iyd+d-l-b q hd-ad-d+b^_ 2b _ ^ 

=(_l)^ g "( g -i-b [2& + i] g + ^[_ 2 & _ i] g ) 
=0 (mod $ d (g 2 )). 
That is, $d((? 2 ) divides 

n— 1 n— 1 

£(-i) V 1 -*^ + i],4 Q) (^; <? 2 ) m + E(- 1 ) n_1 "^1 2n - 2fc - il^-i-*^; <? 2 ) m 

fc=0 fc=0 
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